Introduction {#Sec1}
============

Spontaneous insertion of Li ions into crystalline Si anodes (also termed "lithiation") causes the formation of various amorphous phases of lithiated Si (a-Li~*x*~Si) and is always accompanied by volume expansion of \~300%. However, the rate of the dimensional change of the crystalline Si (c-Si) differs depending on the crystallographic orientation^[@CR1]--[@CR5]^. This anisotropic lithiation causes the uneven swelling of c-Si and promotes the development of locally inhomogeneous residual stresses, which can induce the fracture of c-Si and reduce the cycle life of Li-ion batteries (LIBs)^[@CR3],[@CR6]^. Extensive studies to prevent the fracture of c-Si during lithiation are underway^[@CR7]--[@CR10]^.

Anisotropic swelling of a material is known to arise from the anisotropy in the rate of the bulk diffusion, which is commonly observed in materials with 'non-cubic' structures^[@CR11]^. From this perspective, the anisotropic lithiation in c-Si (diamond cubic) is rather unusual. Cui *et al*., based on the experimentally observed sharp interface^[@CR3],[@CR8]^, reported that the reaction at the interface plays a key role in determining the overall lithiation process^[@CR12]^. Subsequent numerical model studies on the interfacial region showed that the reaction rate at the interface differs depending on the crystallographic orientations^[@CR1],[@CR13],[@CR14]^. This conceptual theory was later confirmed by experimental and simulation studies^[@CR15],[@CR16]^. Recent TEM studies on the lithiation process of c-Si showed that the anisotropic lithiation arises from the selective peeling-off of {111} planes at a very thin layer of the interfacial region^[@CR15]^. Although these earlier studies are instructive for demonstrating how different diffusivity causes anisotropic expansion, they did not explain why the Li diffusivity varies along the crystalline orientation of Si and thus the mechanism underlying the anisotropic interfacial reaction is largely unknown.

Recently, various computational efforts have been undertaken to provide the theoretical basis for the diffusion behavior at the interfacial region. Tachikawa *et al*. calculated the Li diffusion in two-dimensional (2D) carbonaceous anodes such as graphene^[@CR17]^, bucky balls^[@CR18]^, and amorphous carbon^[@CR19]^ and demonstrated that Li ions tend to migrate along the pathway that can evade the highest occupied molecular orbital of the anode surface. Subsequent studies by Malyi *et al*.^[@CR20]^, Jin *et al*.^[@CR21]^, and Cubuk *et al*.^[@CR22]^ calculated the energy barriers for diffusion to investigate the anode material with a high rate performance. Recently, Jung *et al*. calculated the reactions at the interface between Li~*x*~Si and Si and reported that the overall kinetics of lithiation are determined by the short-range atomic reactions occurring at the Li~*x*~Si/Si interface, which is therefore primarily responsible for the anisotropic behavior^[@CR23]^. Despite the important findings on the diffusion behavior in various anode materials, they focus on the individual effects of the valence orbital, energy barriers, and short-range atomic reactions at the interface on the diffusion behavior. Furthermore, most previous analyses were based on first-principles calculations. Owing to the severe spatiotemporal limitation of this method, the models employed for previous calculations in many cases were too small to depict the general features of lithiation, and thus they are insufficient to explain the physical process regarding anisotropic lithiation behaviors occurring in three-dimensional (3D) Si anodes. In order to explain the physical process regarding anisotropic lithiation occurring in 3D Si anodes, an analysis of the combined effect of these parameters on the diffusion behavior in the Si anode is necessary.

In this study, using combined technique of classical molecular dynamics (MD) simulations and first-principles calculations, we performed a multi-scale study to elucidate how and why Li diffusion in 3D c-Si is anisotropic. This paper addresses three issues and is organized as follows: 1) We first resolve the diffusion process of Li ions in 3D c-Si using classical MD simulations performed on comparatively large-scale Li/Si diffusion couples with different orientations. 2) By combining the results of the MD simulations and first-principles calculations performed on the Li/Si diffusion couples, we next elucidate the presence of the particular diffusion pathway along which the diffusion of Li ions is favored and clarify why the Li diffusion in 3D c-Si is anisotropic. 3) We finally develop a structural parameter that can quantitatively evaluate the degree of anisotropy of the Li diffusion. By comparing the values of the developed parameter with the experimentally measured diffusivities along various orientations of c-Si, we reveal that the configuration of the valence orbital is a dominant factor determining the anisotropic lithiation.

Methods {#Sec2}
=======

Molecular Dynamics Simulations {#Sec3}
------------------------------

Classical MD simulations employing the reactive force field (ReaxFF) potential^[@CR24],[@CR25]^ were performed to resolve the initial stage of diffusion at the Li/Si interface. This technique can also provide the statistically meaningful description on the diffusion pathway of Li ions on comparatively large-scale c-Si at 300 K, which cannot feasibly be obtained via first-principles calculations alone. Although the ReaxFF potential used for the present MD simulations has already been extensively validated against a large set of experimental properties^[@CR3],[@CR6]^ and *ab initio* data^[@CR25],[@CR26]^, the reliability of the potential was tested again by comparing the dissociation energies of Si-Si bonds associated with lithiation with the predicted values^[@CR25],[@CR27]^. In general, this potential well describes the experimental phenomena observed during the lithiation process^[@CR24],[@CR25],[@CR28],[@CR29]^, as reported in previous works^[@CR3],[@CR6]^.

To study the general features of the anisotropic lithiation of c-Si, we prepared computationally generated Li/Si diffusion couples by attaching an amorphous Li (a-Li) slab to two different c-Si slabs whose respective orientations were aligned along the \<110\> and \<111\> directions so that the c-Si (110) and (111) surfaces were in contact with the a-Li slab to construct the a-Li/Si\<110\> and a-Li/Si\<111\> diffusion couples, respectively (Fig. [1](#Fig1){ref-type="fig"}). Two types of boundary conditions were applied to the surfaces of the diffusion couples. Periodic boundary conditions were first imposed on the diffusion couples along the transverse directions (the *y*- and *z*-axes in Fig. [1](#Fig1){ref-type="fig"}) of the diffusion couples to account for the effect of the orientation of c-Si while eliminating the surface effects on the Li diffusion. The reflective boundary condition was applied to the free-surface side (the *x*-axis in Fig. [1](#Fig1){ref-type="fig"}) of the a-Li slab to keep the Li atoms from exiting the simulation box to prevent the unwanted diffusion behaviors occurring at the free boundary of the calculation cell while reducing the computation time. The two layers of Si atoms on the free surface of the c-Si slab were kept fixed, whereas the rest of the system was allowed to equilibrate. The simulations for Li diffusion into c-Si were performed in the micro-canonical ensemble with a time step of 1 fs using the ReaxFF potential^[@CR25]^ implemented in the LAMMPS package^[@CR30]^. The structure of the a-Li/c-Si diffusion couple was relaxed using a conjugate gradient method until the system attains an equilibrium state at 300 K. During this initial relaxation process, the inter-diffusion between Li and Si was prevented by fixing the constituent atoms near the interface. Within the NVT ensemble, the relaxed a-Li/c-Si diffusion couples were then equilibrated using a Nosé--Hoover thermostat to allow spontaneous lithiation at a constant temperature of 300 ± 6 K. All other variables and conditions used in the present simulations are summarized in Table [1](#Tab1){ref-type="table"}.Figure 1(**a**) Representative full-scale 3D calculation cell of the a-Li/c-Si diffusion couple used for the classical MD simulations. The lithiation process is simulated in the diffusion couples with the c-Si slab aligned along the crystallographic orientation of (**b**) \<110\> and (**e**) \<111\>. Snapshots captured from the (**b**--**d**) a-Li/Si\<110\> and (**e**--**g**) a-Li/Si\<111\> diffusion couples calculated at various times, showing the structural evolution at the a-Li/c-Si interface and the volume expansion of the c-Si slab. The insets of (**d**) and (**g**) correspond to the magnified views of the diffusion front, showing that lithiation proceeded by the formation of a thin layer of c-Li~*x*~Si. Table 1Types of simulation parameters and their values used in MD simulations.Simulation parametersValuesNumbers of Li atoms6,000 atomsNumbers of Si atoms2,400 atomsSize of the Li slab7.8 × 3.9 × 2.7 nm (periodic boundaries on the y- and z- axes)Size of the Si slab4.6 × 3.9 × 2.7 nm (periodic boundaries on the y- and z- axes)Energy minimization algorithmconjugate gradient (CG) algorithmEnergy minimization cut-off10^−8^ eVTime step1 fsTotal steps100,000 steps

First-principles calculations {#Sec4}
-----------------------------

In order to confirm the presence of the particular diffusion pathway along which the diffusion of Li ions is favored, the valence orbital of c-Si (diamond cubic) was calculated using first-principles calculations. The calculation cell was constructed to a 2 × 2 × 2 supercell structure prepared from the unit cell of a Si crystal. Periodic boundary conditions were enforced along the *x*-, *y*-, and *z*-directions. The calculations were performed with the plane-wave basis set and projector augmented wave (PBE-PAW) pseudopotentials^[@CR31],[@CR32]^, as implemented in Quantum Espresso^[@CR33]^. The *k*-point mesh was set to 8 × 8 × 8 using the Monkhorst--Pack scheme for the Brillouin zone sampling. The energy cutoff was 750 eV and convergence in the energy was achieved down to 10^−4^ eV.

To understand the mechanism of the Li diffusion and its orientation dependency, we calculated the energy barriers required for the Li diffusion using the nudged elastic band (NEB) method^[@CR34]^ by considering the changes in the free energy of the Li ion during diffusion into c-Si with different crystallographic orientations. The NEB method adjusts the intentionally selected initially diffusion pathway of the Li ion so that the Li ion can travel along the pathway that costs the least energy. In order to calculate the energy barriers for the Li diffusion, it is therefore necessary to prepare the initial diffusion pathway of the Li ion and the c-Si through which the Li ion migrates. For this purpose, we first constructed two different c-Si slabs with their respective surface normal vectors parallel to \<110\> and \<111\> (hereinafter denoted as Si\<110\> and Si\<111\> slabs). The Si\<110\> and Si\<111\> slabs were modeled as the eight-layered (110) and (111) planes of c-Si, and a 30-Å-thick vacuum layer was added above the free surface. We then placed a Li ion in the c-Si slabs such that the initial diffusion pathway of the Li ion for NEB calculations was consistent with the trajectories of the Li pathways evaluated using the MD simulations. The Li diffusion pathways were optimized until the force on each atom was smaller than 0.05 eV/Å. The bottom two layers of the c-Si slabs were held fixed for all calculations.

Results and Discussion {#Sec5}
======================

General features of the lithiation behavior of c-Si {#Sec6}
---------------------------------------------------

### Lithiation sequence and associated structural evolution {#Sec7}

Lithiation of the Si anode begins with the reaction at the interface between the unreacted c-Si and reacted region^[@CR15]^. Since the diffusion behavior of the Si anode is determined by the characteristics of the interfacial reaction, a simulation technique that can resolve the interfacial reaction occurring at a few atomic layers of c-Si is necessary. Of all the simulation techniques presently available, first-principles calculations provide the most reliable interatomic interactions. However, this method suffers from a severe spatiotemporal limitation, which can cause problems in predicting the Li diffusion pathway and associated energy barrier. For example, first-principles calculations deal with the limited numbers of atoms, usually less than \~200, which makes it difficult to predict the diffusion pathway that are determined from the long-range interatomic interaction. Another problem is that it usually does not consider the temperature effect. These characteristics of first-principles calculations often lead to the prediction of erroneous atomic and electronic structures of a material characterized by long-range atomic interactions and thermal vibrations of the constituent atoms^[@CR35]^. In order to resolve the initial stage of diffusion at the Li/Si interface while avoiding the problems that arise from first-principles calculations as discussed above, we used a combination of classical MD simulations employing the ReaxFF potential and first-principles calculations; first, the Li diffusion pathway was evaluated in the comparatively large diffusion couples (total \~8400 atoms) at 300 K using MD simulations. The predicted trajectories were then brought into the lattice structures of c-Si generated using first-principles calculations. The energy landscapes corresponding to the Li diffusion trajectories were evaluated via NEB calculations as implemented in Quantum Espresso^[@CR33]^.

First, we prepared the two different 3D full-scale diffusion couples consisting of a-Li and c-Si using MD simulations, as shown in Fig. [1a](#Fig1){ref-type="fig"} and outlined in detail in Methods. In order to explore the orientation dependency of Li diffusion to c-Si, the c-Si slabs were aligned along the \<110\> and\<111\> directions so that their (110) and (111) surfaces are in contact with the a-Li layer, constructing the a-Li/Si\<110\> and a-Li/Si\<110\> diffusion couples (Fig. [1b and e](#Fig1){ref-type="fig"}, respectively). Careful examination of the electrochemical reactions at the interface of the diffusion couples reveal that Li diffusion to c-Si proceeds in two stages (Fig. [1b--g](#Fig1){ref-type="fig"}). In the first stage of Li diffusion, Li and Si atoms spontaneously diffuse into each other owing to the chemical potential gradients. It should be noted that first-stage Li diffusion always proceeds through the interstitial sites of a few atomic layers of c-Si without disrupting its initial crystal structure (i.e., diamond cubic), causing the formation of a thin layer of lithiated crystalline Si (hereinafter, this layer is referred to as c-Li~*x*~Si and denoted by the red boxes in Fig. [1c and f](#Fig1){ref-type="fig"}). This thin layer of c-Li~*x*~Si is thought to correspond to the amorphous/crystalline interface that was observed experimentally by Liu *at al*.^[@CR15]^. The c-Li~*x*~Si layer plays an important role in determining the characteristics of the diffusion kinetics. However, the previous models employed for first-principles calculations^[@CR22],[@CR23]^ assumed the reaction in the Li/Si diffusion couple as being between a-Li~*x*~Si and c-Si^[@CR23]^, and therefore it overlooked the first-stage diffusion at the diffusion front.

Subsequently, Li ions continue to diffuse across the c-Si slab by leaving the lithiated layer behind. During this stage, a continuous supply of Li ions breaks the Si--Si bond of the pre-existing c-Li~*x*~Si, causing the c-Li~*x*~Si layer to evolve into disordered/amorphous lithiated Si (a-Li~*x*~Si) whose volume expands with time (Fig. [1d and g](#Fig1){ref-type="fig"}). It is also important to note from Fig. [1](#Fig1){ref-type="fig"} that the transport rate of Li ions to the c-Si side (i.e., the *x*-direction) differs depending on the orientation of c-Si, which is the characteristics of the interface-controlled reaction (see Supplementary Fig. [S1](#MOESM1){ref-type="media"}). When comparing the results obtained from the two different diffusion couples in Fig. [1](#Fig1){ref-type="fig"}, the penetrating rate of the c-Li~*x*~Si layer (equivalently, the rate of Li diffusion) is measurably higher along \<110\> than along \<111\> of c-Si. This suggests that the rate of Li diffusion to c-Si is largely determined by first-stage diffusion occurring at the thin layer of c-Li~*x*~Si in the diffusion couples. In order to elucidate the physics underlying the anisotropic lithiation behavior of c-Si, a comprehensive understanding of the first-stage diffusion behavior of Li ions at the c-Li~*x*~Si layer is of great importance.

It is also noted that the metastable a-Li slab begins to crystallize from the free surface side owing to its small dimension/thickness, as revealed by the appearance of the stripes (note that the reflective boundary condition was applied along the *x*-direction to maintain the constant numbers of Li ions in the calculation cell). However, the crystallization of the a-Li slab and its effect on the diffusion behavior are not the subjects of the present study and thus, will not be dealt further in the following.

### Orientation dependency of Li diffusion to c-Si {#Sec8}

The characteristics of Li diffusion to c-Si were evaluated in more detail by tracking the traces of several arbitrarily chosen Li ions, shown in Fig. [1](#Fig1){ref-type="fig"}. Figure [2](#Fig2){ref-type="fig"} displays the diffusion pathways of the Li ions that migrate through the lattice of Si\<110\> and Si\<111\>. Li ions, when viewed on a macroscopic scale, diffuse along a direction parallel to the concentration gradient ($\documentclass[12pt]{minimal}
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                \begin{document}$$\overrightarrow{\nabla }c$$\end{document}$) of Li, i.e., the *x*-axis in Fig. [2](#Fig2){ref-type="fig"}. However, the atomic-scale view shows that the diffusion pathway of the Li ions is not parallel to $\documentclass[12pt]{minimal}
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                \begin{document}$$\overrightarrow{\nabla }c$$\end{document}$. Rather, they tend to travel in a tortuous manner by jumping from one c-Si interstitial site to another. Furthermore, when comparing the trajectories of the diffusion pathways of the Li ions in Si\<110\> and Si\<111\>, the Li ions that diffuse into Si\<110\> are observed to favor comparatively less winding pathways and thus to travel longer distances. This explains the previous experimental observation that the Li transport rate is faster along \<110\> than along \<111\>^[@CR4]^. The fact that Li ions travel along pathways with different degrees of tortuosity in Si\<110\> and Si\<111\> suggests the presence of different energy landscapes along these directions, which may explain why the Li diffusion to c-Si is anisotropic. This concept is thus studied in detail in the following by evaluating the energy landscape corresponding to the diffusion pathways of Li ions that migrate through the c-Li~*x*~Si layer with different orientations.Figure 2Magnified views of the interfacial region of the (**a**) a-Li/Si\<110\> and (**b**) a-Li/Si\<111\> diffusion couples, showing the trajectories of the Li diffusion pathway tracked over 100 ps. Note that the curves highlighted by different colors in (**a**) and (**b**) correspond to the traces of the Li ions that diffused into Si\<110\> and Si\<111\> over 100 ps, whereas each sphere comprising the curves corresponds to the positions of the Li ions plotted every 100 fs.

In order to evaluate the energy landscape of the Li diffusion pathway and relate its effect on the Li transport rate, we selected the trajectory of a Li atom from each diffusion couple calculated using MD simulations, as shown in Fig. [2](#Fig2){ref-type="fig"} (i.e., atom ② in Fig. [2a](#Fig2){ref-type="fig"} and atom ④ in Fig. [2b](#Fig2){ref-type="fig"}). We then calculated the changes in the free energy of each atom using the NEB method by moving them along their respective pathways (for details, see First-principles calculations in Methods). Figure [3](#Fig3){ref-type="fig"} displays the energy landscapes along which the Li ions in Si\<110\> and Si\<111\> traveled across the c-Li~*x*~Si layer. The values of the energy barriers calculated for Si\<110\> and Si\<111\> (Fig. [3a](#Fig3){ref-type="fig"}) range from 0.43--0.60 eV. These values are considerably smaller than those evaluated using first-principles calculations alone (0.57--0.79 eV)^[@CR36],[@CR37]^. These differences in the energy barrier values arise from the differences in the calculation methods performed in the present and previous studies; the Li diffusion pathways used for the present calculations were obtained from MD simulations that describe the atomic reactions of a comparatively large-scale sample at 300 K. On the other hand, those used in previous simulation studies were obtained from first-principles calculations performed on a limited sample size at 0 K. This difference in the calculation methods resulted in different Li diffusion pathways; the Li atoms observed in the present study migrates from one interstitial site to another in c-Si without breaking the Si--Si bonds, while those in the previous studies proceeded by breaking the Si--Si bonds^[@CR22],[@CR23]^. The diffusion along the pathway employed in present study is therefore more likely because it is a less-energy-consuming process. Another important finding obtained from the energy landscape analysis in Fig. [3](#Fig3){ref-type="fig"} is that the number of energy barriers for the Li diffusion differs depending on the macroscopic diffusion direction ($\documentclass[12pt]{minimal}
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                \begin{document}$$\overrightarrow{\nabla }c$$\end{document}$), i.e., the orientation of c-Si. As compared to Li ions that diffuse in Si\<111\>, those that diffuse in Si\<110\> tend to migrate by taking a less winding path, so that for a given diffusion distance *x*, Li ions will have to overcome a larger number of energy barriers. This energetic interpretation explains the different tortuosity of Li pathways displayed by c-Si with different orientations and thus, clarifies why the Li transport rate in Si\<110\> is faster than that in Si\<111\>, confirming the experimental observations reported by Lee *et al*.^[@CR3]^.Figure 3(**a**) Free-energy landscapes corresponding to the diffusion pathways of the Li ions in Si\<110\> and Si\<111\> calculated as a function of the total diffusion distance corresponding to the 3D Li diffusion pathway. Trajectories of the Li ions near the interface of the (**b**) a-Li/Si\<110\> and (**c**) a-Li/Si\<111\> diffusion couples tracked over 50 ps of lithiation, showing the two different traces of Li pathways used to calculate the free-energy landscapes. Each orange and green sphere corresponds to the positions of the Li ions tracked every 100 fs during diffusion in Si\<110\> and Si\<111\>, respectively. Careful examination of (**b**) and (**c**) shows that, in order for Li to migrate a given distance (\~3 Å) along the *x*-axis (i.e., the direction parallel to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\overrightarrow{\nabla }c$$\end{document}$), the Li atom has to travel a longer total distance in Si\<111\> than in Si\<110\>.

Quantification of the anisotropic lithiation of c-Si {#Sec9}
----------------------------------------------------

### Regions with zero density of valence electrons {#Sec10}

Having identified that the anisotropic lithiation behavior of c-Si originates from the different degrees of tortuosity of the Li diffusion pathway (or equivalently, different numbers of energy barriers in the Li diffusion pathway), the next question that naturally arises is why the degree of tortuosity in the Li diffusion pathway differs depending on the orientation of c-Si (i.e., the direction of $\documentclass[12pt]{minimal}
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                \begin{document}$$\overrightarrow{\nabla }c$$\end{document}$; instead, they have to detour around the lattice of c-Si to avoid colliding with Si atoms. From an electronic perspective, this pathway can be assumed to be a space with zero density of valence electrons (or zero valence electrons, ZVEs) because it allows Li ions to migrate through the surrounding Si atoms by keeping the most stable positions. Under this postulate, the regions corresponding to ZVEs around an atom of a given crystal are determined solely by the species of the atom and its crystal structure. When combining all individual ZVEs of the constituent atoms comprising the crystal, it forms a 3D networked level surface of ZVEs.

Figure [4a](#Fig4){ref-type="fig"} shows the 3D configuration of the ZVE surface superimposed on the supercell structure of c-Si (see Methods for the detailed calculation procedures). Because the 3D configuration of the ZVE surface is determined uniquely by the lattice structure of c-Si, this configuration looks different when viewed from the different crystallographic orientations of c-Si (or the direction of $\documentclass[12pt]{minimal}
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                \begin{document}$$\overrightarrow{\nabla }c$$\end{document}$) (Fig. [4b,c](#Fig4){ref-type="fig"}), and thus it can be regarded as the characteristic electronic structure of the material. As such, when Li ions diffuse under the presence of $\documentclass[12pt]{minimal}
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                \begin{document}$$\overrightarrow{\nabla }c$$\end{document}$, the concentration gradient would navigate the Li ions to travel in c-Si by choosing the specific ZVE region whose surface is most parallel to the direction of $\documentclass[12pt]{minimal}
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                \begin{document}$$\overrightarrow{\nabla }c$$\end{document}$. In order to confirm this scenario of diffusion, the trajectories traveled by Li ions under the concentration gradient along \<110\> and \<111\> were superimposed on the 2D ZVE surface (Fig. [4d,e](#Fig4){ref-type="fig"}). It is clear that the Li ions migrate along the ZVE surface while maintaining their macroscopic diffusion direction parallel to $\documentclass[12pt]{minimal}
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                \begin{document}$$\overrightarrow{\nabla }c$$\end{document}$. This difference in the tortuosity between the Li diffusion pathways is attributed to the different shapes of the ZVE surfaces encountered by the Li ions while traveling along \<110\> and \<111\>. This leads us to a conclusion that the ease of Li diffusion into c-Si depends on how parallel the ZVE surface of c-Si is to $\documentclass[12pt]{minimal}
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                \begin{document}$$\overrightarrow{\nabla }c$$\end{document}$.Figure 4(**a**) ZVE level surface (in blue) superimposed on the supercell structure of c-Si (in green). (**b**,**c**) 2D ZVE surface of c-Si, on which the concentration gradients ($\documentclass[12pt]{minimal}
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                \begin{document}$$\overrightarrow{\nabla }c$$\end{document}$) parallel to (**b**) \<110\> and (**c**) \<111\> are denoted. (**d**,**e**) Magnified view of the ZVE surface of (**b**) and (**c**), on which the Li diffusion pathways selected from pathway ② in Fig. [2a](#Fig2){ref-type="fig"} and ④ in Fig. [2b](#Fig2){ref-type="fig"} are superimposed. Each orange and red sphere corresponds to the positions of the Li ions tracked every 100 fs during diffusion in Si\<110\> and Si\<111\>, respectively.

### Quantification of anisotropic lithiation {#Sec11}

Referring back to Fig. [4a](#Fig4){ref-type="fig"}, the morphology of the ZVE surface is characterized by the 3D winding surface, meaning that the surface normal vectors are oriented at arbitrary angles with respect to the fixed direction of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\overrightarrow{\nabla }c$$\end{document}$. Because the angle between $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$\overrightarrow{\nabla }c$$\end{document}$ oriented along \<110\>, \<001\>, and \<111\>. Upon comparing the three results, the average *θ* value of the ZVE surface is comparatively greater along $\documentclass[12pt]{minimal}
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                \begin{document}$$\overrightarrow{\nabla }c$$\end{document}$ = \<001\> and \<111\>. This indicates that the ZVE surface of c-Si is more parallel to \<110\>, which opens a comparatively less tortuous pathway for Li diffusion. Calculations of the angle between the ZVE surface and $\documentclass[12pt]{minimal}
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                \begin{document}$$\overrightarrow{\nabla }c$$\end{document}$ were then extended to the various crystallographic orientations to obtain the general features for the dependency of the *θ* value of the ZVE surface on the crystallographic orientation (Fig. [5b](#Fig5){ref-type="fig"}). Of all the average *θ* values calculated for the various crystallographic orientations, the *θ* value evaluated along \<110\> was the greatest, followed by those for $\documentclass[12pt]{minimal}
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                \begin{document}$$\overrightarrow{\nabla }c$$\end{document}$ is consistent with the results obtained from the previous experimental observations^[@CR2]--[@CR4]^ and simulations results^[@CR22],[@CR23]^, which showed that the Li ion diffuses most rapidly along \<110\>. The fact that the *θ* value is directly related to how well the Li ion diffuses into c-Si thus allows quantification of the diffusivity in terms of the *θ* value.Figure 5(**a**) Distribution of the angle between the normal vector ($\documentclass[12pt]{minimal}
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                \begin{document}$$\overrightarrow{\nabla }c$$\end{document}$ calculated along various crystallographic directions.

The quantification of the diffusivity in terms of the *θ* value was achieved by comparing the *θ* values evaluated along directions in Fig. [5](#Fig5){ref-type="fig"} with the experimentally measured diffusivities^[@CR1],[@CR2],[@CR22]^. The results in Fig. [6](#Fig6){ref-type="fig"} show that the Li diffusivity into c-Si increases exponentially with increasing *θ* value and is given by the canonical equation of$$\documentclass[12pt]{minimal}
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                \begin{document}$${D}_{ < hkl > }/{D}_{ < 111 > }=Aexp(B{\rm{\theta }})$$\end{document}$$where *A* and *B* are constants with values of 1.51 × 10^−19^ and 0.79, respectively. When comparing the values of the Li diffusivity, it is higher along \<110\> than along \<111\> by approximately two orders of magnitude. This implies that the rate of the Li transport is \~10 times faster along \<110\> than along \<111\>, which well supports the previous experimental observations^[@CR2]--[@CR4]^.Figure 6Variations in the Li diffusivity evaluated for various orientations as a function of the average *θ* value. All values of the Li diffusivity are normalized by that measured along \<111\>. Different symbols denoted in the graph are used to distinguish the values obtained from different sources.

In summary, simulations based on MD and density functional theory (DFT) show that the lithiation of c-Si proceeds by two-stage diffusion. Of the two diffusion processes, the first-stage diffusion is characterized by the penetration of Li ions through the interstitial sites of c-Si by following the ZVE surface of c-Si without disrupting the crystallinity of c-Si. The configuration of the ZVE surface encountered by Li ions during the first-stage diffusion differs depending on the orientation of c-Si, resulting in different Li transport rates. For example, when c-Si is aligned along \<110\> so that Li ions can diffuse into c-Si along its \<110\> direction, the rate of the Li transport in LIBs can be enhanced as much as \~10 times. Systematic future work is also required to probe whether the role of the ZVE surface on the diffusivity can be generically applied to other cubic crystals.

Conclusions {#Sec12}
===========

In conclusion, using multi-scale simulations based on classical MD simulations and first-principles calculations, we performed a comprehensive study to elucidate how and why Li diffusion in 3D c-Si is anisotropic. MD simulations resolved the detailed processes of the two-stage Li diffusion in the a-Li/Si\<110\> and a-Li/Si\<111\> diffusion couples. During the first stage of lithiation, Li ions tend to migrate through the interstitial sites of c-Si by forming a thin layer of c-Li~*x*~Si without disrupting the initial crystallinity of c-Si. This interfacial reaction occurring at a few atomic layers of c-Li~*x*~Si controls the speed of lithiation. The continuous supply of Li ions forces the ions to penetrate c-Si, during which the Si--Si bond of the pre-formed c-Li~*x*~Si breaks to form a new a-Li~*x*~Si layer.

The interpretation of the MD simulations and the first-principles calculations shows that Li ions tend to travel along a direction parallel to $\documentclass[12pt]{minimal}
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                \begin{document}$$\overrightarrow{\nabla }c$$\end{document}$ by taking a tortuous pathway corresponding to the ZVE surface to benefit from the energy. The configuration of the ZVE surface encountered by the Li ions during first-stage diffusion in c-Si differs depending on the orientation of c-Si, resulting in different Li transport rates under a given $\documentclass[12pt]{minimal}
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                \begin{document}$$\overrightarrow{\nabla }c$$\end{document}$. Based on this finding, we develop a structural parameter (i.e., the *θ* value) that can quantitatively evaluate the degree of the anisotropy of the Li diffusion. By comparing the *θ* value to the diffusion rates evaluated using experiments performed along various orientations of c-Si, we reveal that the configuration of the valence orbital of c-Si is a dominant factor determining the anisotropic lithiation.
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